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Objective: This paper assesses the finite-sample properties of the Ljung-Box and Box-Pierce tests, 

specifically their autocorrelation detection and chi-square distribution. 

Research Gap: The existing literature checks the asymptotic properties of the Ljung-Box and 

Box-Pierce tests and finite-sample properties across various sample sizes and autocorrelation 

levels. 

Design/Methodology/Approach: The paper uses Monte Carlo simulations with sample sizes 

ranging from 15 to 1000 at different autocorrelation levels and reports the power of the test 

statistics and the Type I error. 

The Main Findings: These results indicate that both tests are asymptotically chi-square distributed 

when sample sizes are small (n < 100). The Ljung-Box test follows a chi-square distribution much 

more closely than the Box-Pierce test. However, when the sample size is less than 150, the Box-

Pierce test rejects the null hypothesis, leading to a Type I error. The Ljung-Box test has higher 

power at lower levels of autocorrelation and with smaller finite sample sizes. Finally, both tests 

improve in power and Type I error control as sample size increases.  

Theoretical / Practical Implications of the Findings: The paper elucidates the finite-sample 

properties of the tests, including the chi-square distributional behaviour, the power of the test 

statistics, and the Type I error of both tests. The results help in choosing an appropriate 

autocorrelation diagnostic test for small and moderate sample sizes. 

Originality/Value: This paper compares the small-sample properties of the "portmanteau" tests 

using Monte Carlo simulation and highlights their weaknesses.  
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1. Introduction 

One important assumption of the classical linear regression model is that the error terms are uncorrelated. Because 

of autocorrelation, the ordinary least squares (OLS) assumption is violated, and OLS is no longer the best linear 
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unbiased estimator under the Gauss-Markov theorem (Plackett, 1949, 1950; Greene, 2018). Autocorrelation is an 

econometric problem that often leads to spurious results in time-series analysis. Hence, it is important to check 

whether a model performs well so we can predict accurately and understand how it works. The condition associated 

with residuals is that they are "white noise"; therefore, portmanteau tests are used to determine whether residuals are 

"white noise" or not. In large samples, the Box-Pierce and Ljung-Box portmanteau tests perform better under 

asymptotic theory, but their finite- and small-sample properties are less clear.  

 

Existing studies comparing autocorrelation tests began in 1975. L’Esperance and Taylor (1975) compared four 

autocorrelation tests by using a Monte Carlo simulation. Likewise, Smith (1976) compared six autocorrelation tests, 

including the Durbin-Watson test, Durbin test, Durbin cumulated periodogram test, Schmidt test and Geary sign test. 

In the most recent studies, Uyanto (2020) used various lag structures to compare the power of five autocorrelation-

detection test statistics. Similarly, Danioko et al. (2022) used a novel technique to compare test power across 

threshold sample sizes and lags. In contrast, Sun (2023) focused on significance levels and optimal lags in time-

series econometrics. Finally, Huang (2024) addresses the type 1 error by using large-sample data across all scenarios 

for the Ljung-Box test.  

 

However, this study examines the finite- and small-sample properties of the Box-Pierce and Box-Ljung Q statistics. 

According to Kwan and Sim (2005), the properties exhibited by both of the tests are:  

(1) These tests are asymptotic statistics but require a large sample size to be accurate. For small sample sizes, the 

Box-Pierce test rejects the null hypothesis too infrequently, and the Ljung-Box test rejects it too often.  

(2) They have an asymptotic chi-square distribution with K degrees of freedom.  

We compared and contrasted the Box-Pierce and Box-Ljung Q statistics with respect to the properties above by using 

a Monte Carlo simulation in MATLAB to generate 56 datasets with varying autocorrelation levels, assess the power 

of the test statistics at different autocorrelation levels, and evaluate whether the test statistics follow the chi-square 

distribution. Numerous statistical software packages are available for simulating various tests, such as R, MATLAB, 

Minitab, EViews and Stata. However, we used MATLAB to conduct simulations to assess the power of both tests 

across varying significance levels, autocorrelation levels and sample sizes.  
 

2. Description of portmanteau tests 

In this section, we discuss both tests and compare them with the literature and its findings.  

2.1. Box-Pierce  

Box-Pierce developed a portmanteau test in 1970.  

𝑄 = 𝑛 ∑ ℎ𝑘=1 𝑟𝑘
2                                                             (2.1) 

2.2.Ljung-Box  

 The Ljung-Box test was developed in 1978 to improve the performance by modifying the pioneer portmanteau test.  

𝑄 = 𝑛(𝑛 + 2) ∑ ℎ𝑘=1
𝑟𝑘

2

𝑛−𝑘
                                                   (2.2) 

From both equations 1 and 2, 𝑛  shows the sample size, ℎ shows the number of lags that are tested and 𝑟𝑘
2 indicates 

sample autocorrelation at the given lag. Under the null hypothesis, the Q statistic for both tests indicate no 

autocorrelation and follows a chi-square distribution.   

When comparing the two tests, the Box-Pierce test often fails to reject the null hypothesis with small sample sizes, 

whereas the Ljung-Box test has a higher rejection rate. Both tests are asymptotically chi-squared distributed but 

require a large sample size to be accurate (Kwan & Sim, 2005). For low levels of autocorrelation, both tests will 

perform poorly (Uyanto, 2020). Moreover, Danioko et al. (2022) state that the degree-of-freedom problem intensifies 

when the number of lags (K) exceeds the number of observations (n). The Box–Pierce test has a location-based bias. 

The normalisation procedure of the box pierce test is not suitable for the iid series with an unknown mean, ultimately 

leading to poor performance empirically, as expected (Dufour & Roy, 1986).  

Hassani and Yeganegi (2019) proposed using optimal lags for the Ljung–Box test. The choice of optimal lags 

depends on the time series length and the test level. The most commonly used methods do not provide a suitable lag 

value. Moreover, Uyanto (2020) used a Monte Carlo simulation to compare the statistical power of five tests: Box-

Pierce, Ljung-Box, Breusch-Godfrey, Durbin-Watson, and Runs. Results revealed that the Durbin-Watson test 

outperforms the tests for the dependent variable without lags, and the Breusch-Godfrey test outperforms all other 
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tests for the dependent variable with lags.  Finally, Dalla, Giraitis and Phillips (2020) compared the standard 

correlogram and the cumulative Ljung-Box tests when the series are not iid (i.e., independent and identically 

distributed). They introduced a new cumulative test, which remains unaffected by unknown dependence and 

heteroskedasticity in the series.  

 

3. Simulation Setup  

We extended Uyanto's (2020) simulation methods by using Monte Carlo to generate datasets with sample sizes of 

15, 30, 60, 100, 150, 200, 500, and 1000 observations. We constructed eight data sets for each sample size and 

autocorrelation level: 0, 0.2, 0.4, 0.6, 0.8, 0.9, and 0.99. The observations of a data set consist of a variable 

“residuals”, which is constructed as an Autoregressive (1) series. The “residuals” are created as 

follows:𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑠𝑡 = ρ ∗ 𝑟𝑒𝑠𝑖𝑑𝑢𝑎𝑙𝑠𝑡−1 + √(1 − 𝜌2) ∗ ε         (3.1) 

ρ denotes the autocorrelation level. The term ε is standard and is normally distributed.√(1 − 𝜌2) is a scaling factor 

that ensures variance stationarity. In this way, we generated 56 datasets, each with a distinct sample size and 

autocorrelation level. We repeated this simulation 10,000 times. We computed the Box-Pierce Q-statistic and the 

Ljung-Box Q-statistic for each dataset. For both tests, we set the lag selection criterion to 5 lags and evaluated both 

statistics at the 95% confidence level. We computed the power of both tests and performed a Wald test to determine 

whether the difference between them was significant. We also performed power tests at 10%, 2.5%, and 1% 

significance levels.1 We also performed a Wald test to determine whether the observed type I error rate is significantly 

different from 1%, 2.5%, 5%, and 10%. To show that, for small sample sizes, the Ljung-Box test better resembles a 

chi-square distribution than the Box-Pierce test, we plot the Q-statistics in a histogram. (See Figure 1). 

 

4. Discussion Results 

Tables 1 to 4 show the statistical power results. The first column (ρ = 0) gives the test's type I error. The 

autocorrelation levels are discussed horizontally, ranging from 0 to 0.99, while the sample sizes are arranged 

vertically from smallest to largest, ranging from 5 to 1000. The statistical power of both tests is presented across 

autocorrelation levels and sample sizes at the 1%, 2.5% 5%, and 10% significance levels.  

First, we discuss simulation results for both the Ljung-Box and Box-Pierce tests, with significance levels decreasing 

from 5% to 1% as sample sizes increase, to evaluate their finite-sample properties. The expected type I error is 5%, 

since the table shows results at the 5% significance level. The table shows that the Ljung-Box type I error is closer 

to 5% at low sample sizes (n<100), indicating that its distribution more closely resembles a chi-square distribution 

than the Box-Pierce statistic. (As shown by Ljung and Box, 1978). Figure 1 also shows that the Ljung-Box Q-statistic 

fits a chi-square distribution better than the Box-Pierce statistic. This is in line with the findings that the Box Pierce 

test theoretical mean is lower than the mean, k, in a chi-square (k) distribution (Ljung & Box, 1978; Kwan and Sim 

(2005). Although the Ljung-Box test more closely resembles a chi-square distribution, the observed type I error is 

significantly higher than 5% for sample sizes smaller than 150. This is in line with the literature, which finds that the 

Ljung-Box test rejects the null hypothesis too often for moderate sample sizes (Danioko, Sidy, et al., 2022). 

 At the 10% significance level, the Box-Pierce type I error deviates even more from the expected 10%.  For small 

sample sizes, the Ljung-Box test performs better than the Box-Pierce test at the 10% significance level, although its 

type I error rate remains higher than 10%. At lower significance levels, such as 2.5% and 1%, the Ljung-Box test 

does not perform better than the Box-Pierce test. The Ljung-Box test rejects the null hypothesis too often, while the 

Box-Pierce test rejects it too little.  

 

Turning to differences in autocorrelation levels as the sample size increases. If the null hypothesis is false (ρ>0), the 

Ljung-Box statistic has higher power than the Box-Pierce statistic at low autocorrelation levels and low sample sizes. 

This is because, by construction, the Ljung-Box Q-statistic is higher than the Box-Pierce test statistic for finite sample 

sizes. Both tests perform poorly at detecting low autocorrelation levels (below 0.4) in small samples. At an 

autocorrelation level of 0, the power of the Ljung-Box Q statistic is likely not significantly different from the power 

of the Box-Pierce test statistic. However, for autocorrelation levels from 0.2 to 0.4, the power of the Ljung-Box Q 

statistic is significantly different from the power of the Box-Pierce test statistic. Overall, the Ljung-Box test has 

 
1 The results will be furnished upon request.  
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significantly higher power than the Box-Pierce test for small sample sizes and low autocorrelations. Uyanto (2020) 

also observes this. For larger sample sizes, the tests' power increases, consistent with Ljung's (1986) findings. Across 

significance levels (10%, 5%, 2.5%, and 1%), the main findings remain the same: both tests perform poorly at low 

autocorrelation levels and with small sample sizes. 
 

Table 1: Comparison of the test power of the Box-Pierce Test and the Ljung-Box Test for Autocorrelation at 1% significance level 

Autocorrelation 

Tests 

Autocorrelation 

Levels  

Sample Size 

15 30 60 100 150 200 500 1000 

BP 
0 

0.0038 0.0066 0.0094 0.0111 0.0095 0.0088 0.0087 0.0097 

LB 0.0205 0.014 0.015 0.0133 0.0124 0.0096 0.0091 0.0102 

BP 
0.2 

0.0016 0.0173 0.0478 0.1056 0.1984 0.3003 0.8484 0.9971 

LB 0.0218 0.035 0.0613 0.1206 0.213 0.313 0.8524 0.9974 

BP 
0.4 

0.006 0.0898 0.3553 0.6982 0.9157 0.9814 1 1 

LB 0.0433* 0.1371* 0.3975* 0.7204* 0.9226* 0.9828 1 1 

BP 
0.6 

0.0246 0.3599 0.8631 0.9929 1 1 1 1 

LB 0.1107* 0.4486* 0.8838* 0.9939 1 1 1 1 

BP 
0.8 

0.0877 0.7383 0.9933 1 1 1 1 1 

LB 0.2424* 0.7966* 0.9952 1 1 1 1 1 

BP 
0.9 

0.1426 0.8656 0.9988 1 1 1 1 1 

LB 0.3126* 0.9003* 0.999 1 1 1 1 1 

BP 
0.99 

0.1941 0.9225 0.9999 1 1 1 1 1 

LB 0.3849* 0.9431* 0.9999 1 1 1 1 1 

Note: The autocorrelation levels are given horizontally, then followed by the specific autocorrelation test type 

The sample sizes are expressed vertically from the smallest sample size to the largest sample size 

BP shows the Box-Pierce test 

LB shows the Ljung-Box Test 

* on the power of the Test indicates the significant difference between LB test statistics and BP test statistics at the 1% significance level 

Source: Authors’ Compilation 

Table 2: Comparison of the test power of the Box-Pierce Test and the Ljung-Box Test for Autocorrelation at 2.5% significance level 

Autocorrelation 

Levels 

Autocorrelation 

Tests 

Sample Size 

15 30 60 100 150 200 500 1000 

0 
BP 0.0087 0.0131 0.0207 0.0247 0.0243 0.0222 0.0228 0.0254 

LB 0.0395 0.0307 0.0294 0.0306 0.0302 0.0254 0.0239 0.0263 

0.2 
BP 0.0065 0.0356 0.0835 0.1731 0.2903 0.4183 0.9094 0.9993 

LB 0.0444 0.0638 0.1043 0.189 0.3094 0.4327 0.9109 0.9993 

0.4 
BP 0.0177 0.1452 0.4641 0.7941 0.9531 0.9918 1 1 

LB 0.0841* 0.2081* 0.5101* 0.8141* 0.9564 0.993 1 1 

0.6 
BP 0.0593 0.4683 0.9121 0.9968 1 1 1 1 

LB 0.1801* 0.5484* 0.9263* 0.9974 1 1 1 1 

0.8 
BP 0.1739 0.8129 0.9969 1 1 1 1 1 

LB 0.3413* 0.8562* 0.9976 1 1 1 1 1 

0.9 
BP 0.2404 0.9095 0.9994 1 1 1 1 1 

LB 0.4198* 0.9306* 0.9996 1 1 1 1 1 

0.99 
BP 0.3098 0.9484 0.9999 1 1 1 1 1 

LB 0.49* 0.9625* 0.9999 1 1 1 1 1 

Note: on the power of the Test indicates the significance of the difference between LB test statistics and BP test statistics at the 2.5% 

significance level  

Source: Authors’ Compilation 
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Table 3: Comparison of the test power of the Box-Pierce Test and the Ljung-Box Test for Autocorrelation at 5% significance level 

Autocorrelation 

Levels  

Autocorrelation 

Tests 

Sample Sizes 

15 30 60 100 150 200 500 1000 

0 
BP 0.0182 0.0268 0.0406 0.0453 0.0465 0.0459 0.0465 0.0509 

LB 0.0646 0.0558 0.0557 0.0531 0.0531 0.0521 0.0478 0.052 

0.2 
BP 0.0165 0.0589 0.1273 0.2376 0.3894 0.5233 0.9455 0.9996 

LB 0.0696* 0.0958* 0.1527* 0.2632* 0.4073* 0.5366* 0.947* 0.9996 

0.4 
BP 0.0374 0.2076 0.5679 0.863 0.9746 0.9964 1 1 

LB 0.1201* 0.2817* 0.6081* 0.8773* 0.9777 0.9965 1 1 

0.6 
BP 0.1085 0.5763 0.9497 0.9986 1 1 1 1 

LB 0.2501* 0.6443* 0.9585* 0.9988 1 1 1 1 

0.8 
BP 0.3659 0.9116 0.9992 1 1 1 1 1 

LB 0.5466* 0.9366* 0.9994 1 1 1 1 1 

0.9 
BP 0.5855 0.9754 0.9997 1 1 1 1 1 

LB 0.7259* 0.9818* 0.9997 1 1 1 1 1 

0.99 
BP 0.7545 0.9925 1 1 1 1 1 1 

LB 0.8412* 0.9942* 1 1 1 1 1 1 

Note:  * on the power of the Test indicates a significant difference between LB test statistics and BP test statistics at the 5% 

significance level  

Source:  Authors’ Compilation 

Table 4: Comparison of the test power of the Box-Pierce Test and the Ljung-Box Test for Autocorrelation at 10% significance 

level 

Autocorrelatio

n Tests 

Autocorrelation 

Levels  

sample size 

15 30 60 100 150 200 500 1000 

BP 
0 

0.0366 0.0575 0.0803 0.087 0.0908 0.094 0.095 0.0975 

LB 0.1169* 0.1033* 0.1053* 0.1044* 0.1021* 0.1011* 0.0978 0.0991 

BP 
0.2 

0.0402 0.1044 0.2046 0.3479 0.5122 0.6419 0.9715 1 

LB 0.1268* 0.1661* 0.2409* 0.3721* 0.5304* 0.6525* 0.9724 1 

BP 
0.4 

0.0837 0.3108 0.6792 0.9174 0.9872 0.9989 1 1 

LB 0.2073* 0.3946* 0.7163* 0.9271* 0.9884 0.999 1 1 

BP 
0.6 

0.1902 0.6619 0.9684 0.9993 1 1 1 1 

LB 0.3492* 0.7315* 0.973* 0.9993 1 1 1 1 

BP 
0.8 

0.371 0.9077 0.9991 1 1 1 1 1 

LB 0.5456* 0.9314* 0.9994 1 1 1 1 1 

BP 
0.9 

0.4542 0.9586 0.9998 1 1 1 1 1 

LB 0.617* 0.9696* 0.9998 1 1 1 1 1 

BP 
0.99 

0.527 0.9774 0.9999 1 1 1 1 1 

LB 0.6723* 0.9835* 1 1 1 1 1 1 

Note:  * on the power of the Test indicates a significant difference between LB test statistics and BP test statistics at the 10% 

significance level.  

Source: Authors’ Compilation 

First, we look at the histogram given below: the sample size is 5; the Ljung-Box statistic follows a chi-square 

distribution, but the Box-Pierce statistic does not. Let's increase the sample size to 30 and 60; the results match the 

distribution for a sample size of 5. Increasing the sample size improves the fit of the chi-square distribution in the 

Box-Pierce test. For a sample size of 100, the Box-Pierce statistic is approximately chi-square distributed. Finally, 

for sample sizes of 200 and 500, the Box-Pierce statistic follows a chi-square distribution. In conclusion, increasing 

sample size improves the chi-square distribution of the Box-Pierce statistic, but the Ljung-Box statistic follows a 

chi-square distribution by construction; thus, increasing sample size does not affect its chi-square distribution.  
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Figure 1: Histogram of the Q-statistic of the Ljung Box test with 5 lags  (in Red) and a histogram of the Box-Pierce Q statistic with 5 lags 

are plotted against the Chi2(5) probability density function. 

 

Source: Authors’ Compilation 

5. Conclusion 

The research findings indicate that the Ljung-Box (LB) test outperforms the Box-Pierce (BP) test for small, finite 

samples because its distribution aligns better with the chi-square distribution. However, both tests exhibit distinct 

biases: for small sample sizes, the Box-Pierce test tends to reject the null hypothesis too infrequently, whereas the 

Ljung-Box test rejects it more often at small and moderate sample sizes (below 150). 
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